ON HOLOMORPHIC CURVES IN ALGEBRAIC TORUS 



MASAKI TSUKAMOTO 

Abstract. We study entire holomorphic curves in the algebraic torus, and show that 
they can be characterized by the "growth rate" of their derivatives. 

1. Introduction 

Let z = x+y^—1 be the natural coordinate in the complex plane C, and let f(z) be an 
entire holomorphic function in the complex plane. Suppose that there are a non-negative 
integer m and a positive constant C such that 

\f{z)\ <C\z\ m , (M>1). 

Then f(z) becomes a polynomial with deg f(z) < m. This is a well-known fact in the 
complex analysis in one variable. In this paper, we prove an analogous result for entire 
holomorphic curves in the algebraic torus (C*) n := (C \ {0}) n . 

Let [zq : z\ : • - • : z n ] be the homogeneous coordinate in the complex projective space 
CP™. We define the complex manifold X C CP n by 

X :={[1: Zl :---:z n ]e CP n \ z t ^ 0, (1 < i < n)} = (C*) n . 

X is a natural projective embedding of (C*) n . We use the restriction of the Fubini-Study 
metric as the metric on X. 

For a holomorphic map / : C — > X, we define its norm by setting 

(1) \df\{z) := V2\df{d/dz)\ for all z e C. 

Here d/dz = \ (d/dx — y/—ld/dy), and the normalization factor a/2 comes from \d/dz\ = 
1/V2. 

The main result of this paper is the following. 

Theorem 1.1. Let f : C — > X be a holomorphic map. Suppose there are a non-negative 
integer m and a positive constant C such that 

(2) \df\(z)<C\z\ m , (\z\>l). 

Then there are polynomials g%{z), gziz), ■ ■ ■ , g n {z) with deg g%{z) < m + 1, (1 < i < n), 
such that 

(3) f(z) = [1 : e 9l{z) : e 92{z) : •■■ : e 9n(z) }. 
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Conversely, if a holomorphic map f(z) is expressed by Q with polynomials gi(z) of 
degree at most m + 1, f(z) satisfies the "polynomial growth condition" HJ). 

The direction (jSJ) =>- (J2J is easier, and the substantial part of the argument is the 
direction © (J3J). 

If we set m = in the above, we get the following corollary. 

Corollary 1.2. Let f : C — > X fee a holomorphic map with bounded derivative, i.e., 
\df\(z) < C /or some positive constant C. Then there are complex numbers and &j, 
(1 < z < n), suc/i that 

f(z) = [ 1 " e a ' lZ + bl ■ g a 2^+ fe 2 ..... e a n z+b n j 

This is the theorem of [BD, Appendice]. The author also proves this in [T, Section 6]. 

Remark 1.3. The essential point of Theorem II. II is the statement that the degrees of 
the polynomials g%{z) are at most m+1. Actually, it is easy to prove that if f(z) satisfies 
the condition © then f(z) can be expressed by with polynomials gi{z) of degree at 
most 2m + 2. (See Section 4.) 

Theorem 11.11 states that holomorphic curves in X can be characterized by the growth 
rate of their derivatives. We can formulate this fact more clearly as follows; 

Let gi(z), gz(z), ■ ■ ■ , g n (z) be polynomials, and define / : C -> X by Q. We define 
the integer m > — 1 by setting 

(4) m + 1 := max(deg5(i(2;),deg5( 2 (2;), • • • ,degg n (z)). 

We have m = — 1 if and only if / is a constant map. m can be obtained as the growth 
rate of \df\: 

Theorem 1.4. Ifm>0, we have 

max| z | =r log|d/|(z) 
hm sup - 1 — = m. 

r -oo log V 

Corollary 1.5. Let X be a non-negative real number, and let [A] be the maximum 
integer not greater than X. Let f : C — > X be a holomorphic map, and suppose that there 
is a positive constant C such that 

(5) \df\(z)<C\z\\ (\z\>l). 
Then we have a positive constant C such that 

\df\{z)<C'\z\^\ (|z|>l). 
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Proof. If / is a constant map, the statement is trivial. Hence we can suppose / is not 
constant. From Theorem ll.il / can be expressed by © with polynomials gi(z) of degree 
at most [A] + 2. Since / satisfies (JUJ), we have 

max\ z \ =r log \df\(z) 
hm sup < A. 

r-^oo log T 

From Theorem 11.41 this shows degg^z) < [A] + 1 for all gi{z). Then, Theorem 11.11 gives 
the conclusion. □ 



2. Proof of © ^ (ED 

Let / : C — > X be a holomorphic map. From the definition of X, we have holomorphic 
maps fi : C — > C*, (1 < i < n), such that f(z) = [1 : fi(z) : ■ ■ • : f n (z)). The norm 
in is given by 
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Suppose that / is expressed by (JHJ), i.e., fi(z) = exp(gi(z)) with a polynomial gi(z) of 
degree < m + 1. We will repeatedly use the following calculation in this paper. 
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Here we set 



and |d(/i//*)| := 



i u/m 

V^l + l/^'l 2 ' 



These are the norms of the differentials of the maps fi, fi/ fj '■ C — > CP 1 . 

We have /i(-z) = exp(gj(z)) and fi(z)/ fj(z) = exp(gj(z) —5^(2)), and the degrees of the 
polynomials gi{z) and ^(2) — gj(z) are at most m + 1. Then, the next Lemma gives the 
desired conclusion: 



|d/IC*)<c|*p, (M>i), 



for some positive constant C. 
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Lemma 2.1. Let g(z) be a polynomial of degree < m+1, and set h(z) := e gly£) . Then 
we have a positive constant C such that 



Proof. We have 



^ \dh\ = ml^i-x < l^'l min(|/i|, l^r 1 ) < |</|. 
Since the degree of g'(z) is at most m, we easily get the conclusion. □ 

3. Preliminary estimates 

In this section, A; is a fixed positive integer. 

The following is a standard fact in the Nevanlinna theory. 

Lemma 3.1. Let g{z) be a polynomial of degree k, and set h{z) = e 9 ^ z K Then we have 
a positive constant C such that 

f — ( \dh\ 2 (z)dxdy <Cr k , (r>l). 

Jl t J\ z \<t 

Proof. Since \dh\ 2 = ^Alog(l + \h\ 2 ), Jensen's formula gives 

f — f \dh\ 2 dxdy = — [ \og(l + \h\ 2 ) d6 - — [ log(l + |/i| 2 )d0. 
Ji t J\ z \< t An J\ z \ =r An J\ z \ =l 

Here (r, 9) is the polar coordinate in the complex plane. We have 

log(l + \h\ 2 ) < 2\Reg(z)\ +log2 < Cr k , (r := \z\ > 1). 

Thus we get the conclusion. □ 

Let / be a closed interval in R and let u(x) be a real valued function defined on /. We 
define its C 1 -norm |u| c i(j) by setting 

H| c i m := sup \u(x) \ + sup \u'(x)\. 

For a Lebesgue measurable set E in R, we denote its Lebesgue measure by \E\. 

Lemma 3.2. There is a positive number e satisfying the following: If a real valued 
function u(x) G C 1 ^,^] satisfies 

\\u(x) - cosx|| cl[07r] < e, 

then we have 

|u _1 ([-t,t])| < At for anyte[0,e]. 
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Proof. The proof is just an elementary calculus. For any small number 5 > 0, if we 
choose e sufficiently small, we have 

u -1 ([-t,t]) C [7r/2-5,7r/2 + 5]. 

Let x\ and x 2 be any two elements in t, £]). From the mean value theorem, we have 

ye [ti/ 2 - 5, 7r/2 + 5] such that 

u{x x ) - u{x 2 ) = u'(y) (xi - x 2 ). 

From sin(7r/2) = 1, we can suppose that 

\u'(y)\ > 1/2. 

Hence 

\%i — x 2\ < 2 \u(xi) — u(x 2 )\ < 4:t. 

Thus we get 

□ 

Using a scale change of the coordinate, we get the following. 

Lemma 3.3. There is a positive number e satisfying the following: If a real valued 
function u(x) G C^O^tt] satisfies 

\U\X) COs/cx|^>ijq — 

then we have 

\u~ l ([-t,t])\ < St for anyte[0,e]. 

Proof. 

U-\[-t,t]) = |J U-\[-t,t]) n bV*. (j + l)7T/fc]. 

j=0 

Applying Lemma [3.21 to u(x/k), we have 

\u-\[-t,t]) n [0,7r/Jfe] | < 4t/Jfe. 

In a similar way, 

\u-\[-t,t])n[jir/k, (j + l)-K/k] | < 4t/k, (j = 0,l,--- ,2fc-l). 
Thus we get the conclusion. □ 
Let E be a subset of C. For a positive number r, we set 

E(r) := {6 E M/2ttZ| re ie E E}. 
In the rest of the section, we always assume k > 2. 
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Lemma 3.4. Let C be a positive constant, and let g(z) = z k + a\z k ~ x + • — h be a 
monic polynomial of degree k. Set 

E:={ze C| \Reg(z)\ < C\z\}. 

Then we have a positive number ro such that 

\E(r)\ < 8C/r k ~\ (r > r ). 

Proof. Set v(z) :— Re (aiz k ~ l + a 2 z k ~ 2 + h a k ). Then we have 

\Reg{re ie )\ < Cr ^ \ coskO + v{re i9 )/r k \ < C/r k -\ 

Set u{9) := cos k9 + v(re t0 )/r k . It is easy to see that 

\u(6) — cos fc^|| c ir 2-n] — const/r, (r > 1). 

Then we can apply Lemma [3.31 to this u(8), and we get 

\E{r)\ = \u-\[-C/r k - 1 , C/r k - 1 })\ < 8C/r k -\ (r > 1). 



□ 



The following is the key lemma. 



Lemma 3.5. Let g(z) = a z k + aiz k 1 + ■ • ■ + a k be a polynomial of degree k, (a ^ 0). 
Set 

E:={ze C| \Reg(z)\ < \z\}. 
Then we have a positive number r such that 

\E(r)\< r -^ I , (r>r ). 

Proof. Let argao be the argument of do, and set a := argao/fc. We define the monic 
polynomial gi(z) by 

9i{z) :=^-g(e- ia z) = z k + --- . 

Then we have 

\Reg(re ie )\ < r |Re^(re i(e+Q) )| < r/\a \. 
Hence the conclusion follows from Lemma f3 .41 □ 

Lemma 3.6. Let g(z) be a polynomial of degree k, and we define E as in Lemma \S. b\ 
Set h(z) := e 9 ^ . Then we have 

\dh\ 2 (z) dxdy < oo. 

C\E 
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Proof. Since \h\ = e Re9 , the argument in the proof of Lemma \'2. II gives 

V^\dh\ < l^'Imind^U^r 1 ) < |^'|e- |Re91 . 

g'{z) is a polynomial of degree k — 1, and we have |Reg| > \z\ for z G C \ E. Hence we 
have a positive constant C such that 

\dh\{z) < C|z| fe -V |z| , if z e C \ E and |z| > 1. 

The conclusion follows from this estimate. □ 

4. Proof of © =>• (JHD 

Let / = [1 : /i : /2 : • ■ • : /„] : C — ► X be a holomorphic map with \df\(z) < C\z\ m , 
(\z\ > 1). Since exp : C — > C* is the universal covering, we have entire holomorphic 
functions gi(z) such that fi(z) = e 9i<yZ \ We will prove that all gi(z) are polynomials of 
degree < m + 1. The proof falls into two steps. In the first step, we prove all gi(z) are 
polynomials. In the second step, we show deg gi(z) < m + 1. The second step is the 
harder part of the proof. 

Schwarz's formula gives 1 

Txr k gf } (0) — k\ I Re (&(z)) e" fev ^ T9 ^ = k\ f log e^^dO, (k > 1). 

>/|«|=r >/|z|=r 

We have 

|log < k>g(|/,| + I/,!" 1 ) = log(l + l/.l 2 ) - bg |/ 4 | < log(l + l/if) - log 

Hence 



7rr 



gf ] m<k\ I iog(i+j2\fA 2 )^-k\ [ io g |/ 4 |de. 

>/|z|=r >/|z|=r 

Since log = Re ^(z) is a harmonic function, the second term in the above is equal to 
the constant — 2irk\ Re^(O). Since \df\ 2 = ^Alog(l + \fj\ 2 ), Jensen's formula gives 



r / iog(i + E l^l 2 ) ^ - 7- / Mi + E l^'l 2 ) de = f t / l d/ l 2 ^) 

tvr J\ z \=r ^ 47r y|*|=i ^ h t J ]z] < t 



An 

Thus we get 



-^k (fc) (0)|< / - / \df\\z)dxdy + const. 
4fc! A £ J\ z \ <t 



Since < C\z\ m , (\z\ > 1), this shows g\ (0) = for > 2m + 3. Hence <7i(z) are 

polynomials. 



1 The idea of using Schwarz's formula is due to [BD, Appendice]. The author gives a different approach 
in [T, Section 6]. 
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Next we will prove deg gi(z) < m+1. We define E iy C C, (1 < i < n, 1 < i < j < n), 
by setting 

deg^(z) < m + 1 Ei := 0, 

deg 5i (z) > m + 2=> S f := G C| |Re^(z)| < |z|}, 
deg(£i(z) - 9j{z)) < m + 1 =>■ := 0, 

degfofc) - > m + 2 := G C| \Re( 9i (z) - 9j (z))\ < \z\}. 

We set E := U U^^y- Then we have E ( r ) = Ui E i( r ) u Ui<j E a( r ) for r > °- 

From Lemma f«15| we have positive constants tq and C such that 

(9) \E{r)\ < C'/r m+1 , (r > r ). 

We have 



(io) " 

= T \df\ 2 (z)dxdy + / - / \df\ 2 (z)dxdy. 

Ji 1 J EC\{\z\<t} Ji 1 JE c n{\z\<t} 

Using (0) and < C\z\ m , (\z\ > 1), we can estimate the first term in (fTUj) as follows: 

\df\\z) dxdy < C 2 [ r 2m+1 drd6 = C 2 [ r 2m+1 \E(r)\dr. 

En{i<\z\<t} J En{l<\z\<t} Ji 



If t > r , we have 



r 2m+1 \E(r)\dr < C I r m dr = -^—t m+1 — r m+1 . 

' - 1 m+1 m+1 ° 



ro Jro 



Thus 



(11) / — / W\ 2 (z) dxdy < const ■ r m+ \ (r > 1). 



l t j En{\z\<t} 

Next we will estimate the second term in (jl(J|) by using the inequality (J7J) given in 
Section 2: 

M/i 2 <Ei^i 2 +Ei^/^)r- 

i i<j 

If deg gi(z) < m + 1, Lemma ETT1 gives 

f — [ Wi\ 2 (z) dxdy < f — f \dfi\ 2 (z) dxdy < const • r m+1 . 

Jl t JE c C\{\z\<t} Jl t J\z\<t 

If deg g%{z) > m + 2, Lemma ETo1 gives 

\dfi\ 2 (z) dxdy < / \dfi\ 2 (z) dxdy < const. 

E c n{\z\<t} JEfn{\z\<t} 
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The terms for \d(fi/fj)\ can be also estimated in the same way, and we get 

(12) /-/ W\ 2 (z) dxdy < const • r m+ \ (r > 1). 

Ji t J E c n{\z\<t} 

From (HOD, (HU, (H2), we get 



r dt f 

/ — / W\ 2 (z) dxdy < const • r r 
Ji t J\ z \< t 



- m+1 , fr > 1). 

From (jHJ), this shows ^ (0) = for k > m + 2. Thus <7i(z) are polynomials with 
deg^j(z) < m + 1. This concludes the proof of Theorem ll.il 

5. Proof of Theorem 11.41 and a corollary 
5.1. Proof of Theorem 11.41 The proof of Theorem 11.41 needs the following lemma. 

Lemma 5.1. Let k > 1 be an integer, and let 5 be a real number satisfying < 5 < 1. 
Let g(z) = a$z k + a\Z k ~ x + ■ ■ ■ + aj. be a polynomial of degree k, (a 7^ 0). We set 
h(z) := e 9 ^ and define E C C by 

E:={ze C| \Reg(z)\ < \z\ 5 }. 

Then we have 

/ \dh\ 2 < 00, 
Jc\e 

and there is a positive number r^ such that 

l%)l<nTj. (r>r ). 
|ao|T 

Proof. This can be proven by the methods in Sectional We omit the detail. □ 

Let gi(z), g2(z), ■ ■ ■ , g n (z) be polynomials, and define the holomorphic map / : C — > X 
and the integer m > — 1 by (jSJ) and (J3J). Here we suppose m > 0, i.e., / is not a constant 
map. We will prove Theorem 11.41 

From Theorem ll.il we have 

\df\{z) < const- \z\ m , {\z\ > 1). 

It follows 

max| 2 | =r log|c(f|(z) 
lim sup < m. 

r^oo log r 

We want to prove that this is actually an equality. Suppose 

max w=r log|df|(*) 

lim sup S 771. 

r _oo log r 

Then, if we take e > sufficiently small, we have a positive number r such that 
(13) \df\(z)<\z\ m -^ (\z\>r ). 
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Schwarz's formula gives the inequality (JSJ): 

(14) ^ 1^(0)1 < jT *jj <t WW*) dxdy + const, (k > 0). 

Let S be a positive number such that < 5 < 2s. We define Ei and Ey, (1 < i < n, 1 < 
2 < j < n), by setting 

degg^z) < m =^ E { := 0, 

deg^(z) =m + l ^ Ei := {z eC\ |Re^(z)| < | ^ | ^ } , 
deg(gi(z) - g d (z)) <m=> E {j : = 0, 

deg^z) - 9j (z)) = m + l=>E ij := {z e C| |Re ( 9i (z) - 9j {z))\ < \z\ 5 }. 
We set E := E^ U Ui<j E^. Then, if we take r sufficiently large, we have 

(15) \E{r)\< const /r m+1 ~ 5 , (r > r ). 



We have 

dt 

T 



\df\ 2 (z) dxdy 

■ ' 

r dt f , ..„, , . , r dt / , 



, |d/f(z)da;dj/ + / - / ttedi/. 

l t J En{\z\<t} Ji £ JE c n{\z\<t} 

From (fTH|) and the first term can be estimated as in Sectional 

— / |d/| 2 (z) cfedy < const ■ r m+1 - {2£ - & \ (r > 1). 



'l 6 ^En{|2|<t} 

Using Lemma l5~Tl and the inequality |d/| 2 < £V |d/j| 2 + ^ i<:/ - \d(fi/ fj)\ 2 , we can estimate 
the second term: 

I — / | df | 2 (z) dxdy < const • log r + const • r m , (r > 1). 

A t j_B c n{|z|<t} 

Thus we get 

f — f \df\ 2 (z) dxdy < const • r m+1 - {2£ - & \ (r > 1). 

ii t JEn{\z\<t} 

Note that 2e — 5 is a positive number. Using this estimate in ([14jh we get 

(/ i (fc) (0) = 0, (fc>m + l). 
This shows deggj(z) < m. This contradicts the definition of m. 

Remark 5.2. The following is also true: 

max| 2 |< r log|d/|(z) 
hm sup : = m. 

r^oo log T 
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Proof. We have 

max N=r log \df \(z) max^olog \df \{z) 

m = hm sup LJ — : < hm sup 



log r r ^oo log r 

And we have < const • \z\ m , (\z\ > 1). Thus 

max w<r log|t^|(«) 
hm sup < m. 

r -oo log T 



□ 



5.2. Order of the Shimizu-Ahlfors characteristic function. For a holomorphic map 
/ : C —>■ X, we define the Shimizu-Ahlfors characteristic function T(r, f) by 

T{r,f):= f ^ I \df\ 2 (z)dxdy, (r > 1). 

Jl 1 J\z\<t 

The order pf of T(r, f) is defined by 

Pf := hmsup — . 

r ^oo log r 

Pf can be obtained as the growth rate of \df\: 

Corollary 5.3. For a holomorphic map f : C — > X, we have 

max w=r log|d/|(^) 

Pf < oo -<=>- hmsup < oo. 

r^oo log r 

If these values are finite and f is not a constant map, then we have 

max| z | =r log]d/|(z) 
Pf = hmsup — h 1. 

r-KJC log T 

Proof. If pf < oo, the estimate (|T3jl shows that / can be expressed by (jSJ) with 
polynomials gi(z), ■ ■ ■ , g n ( z )- Then we have 

max| 2 | =r .log \df \{z) 
hmsup ->— < oo. 

r^oo log T 

The proof of the converse is trivial. 

Suppose pf < oo. Then we can express / by f(z) = [1 : e 91 ^ : • • • : e 9 "^} with 
polynomials gi(z), ■■■ , g n {z)- We set fi(z) : = e 9i ^ z \ and define the integer m by (HJ). 
Theorem 11.41 gives 

max| z | =r log|d/|(z) 
hmsup LJ -: h 1 = m + 1. 

r->oo log r 

The estimate (|14|) gives 

777, + 1 < Pf. 

Since = j-Alog(l + Yl l/«| 2 ); Jensen's formula gives 



T(r, f) = ±f log(l + £ |/,| 2 ) cW - i- / log(l + £ \f* 

J\z\=r i 47F J\z\=l i 



2 )d6. 
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Since deg gi(z) < m + 1, we have 

log(l + ^|i;| 2 ) < const -r m+1 , (r > 1). 

i 

Hence 

Pf < m + 1. 

Thus we get 

max w=r log | dfKz) 

Pf = m + 1 = hmsup ->— h 1. 

r ^oo log r 



□ 



Remark 5.4. Of course, the statement of Corollary 15.31 is not true for general entire 
holomorphic curves in the complex projective space CP™. For example, let / : C — > CP 1 
be a non-constant elliptic function. Since \df\ is bounded all over the complex plane, we 
have 

max\ z \ =r \og\df\(z) 

hm sup : = 0. 

r ^oo log r 

And it is easy to see 

max w=r log|d/|(*) 

Pf = 2 fi hmsup : h 1. 

r _^oo log r 

References 

[BD] F. Berteloot, J. Duval, Sur l'hyperbolicite de certains complementaires, Enseign. Math. 47 (2001) 
253-267 



[T] M. Tsukamoto, A packing problem for holomorphic curves, preprint, arXiv: math.CV/0605353 



Masaki Tsukamoto 

Department of Mathematics, Faculty of Science 
Kyoto University 
Kyoto 606-8502 
Japan 

E-mail address: tukamoto@math.kyoto-u.ac.jp 



